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Optimality properties of synergetic controllers are analyzed using the Euler–Lagrange conditions and the

Hamilton–Jacobi–Bellman equation. First, a synergetic control strategy is compared with the variable structure

sliding mode control. The connections of synergetic control design methodology and the methods of variable

structure sliding mode control are established. In fact, the methods of sliding surface design for the sliding mode

control are essential for designing invariant manifolds in the synergetic control approach. It is shown that the

synergetic control strategy can be derived using tools from the calculus of variations. The synergetic control laws

have a simple structure because they are derived from the associatedfirst-order differential equation. It is also shown

that the synergetic controller for a certain class of linear quadratic optimal control problems has the same structure

as the one generated using the linear quadratic regulator approach by solving the associated Riccati equation. The

synergetic optimal control and sliding mode control methodologies are applied to the nonlinear control of the wing-

rock suppression problem. Two different wing-rock dynamicmodels are used to test the design of the synergetic and

sliding mode controllers. The performance of the closed-loop systems driven by these controllers is analyzed and

compared.

Nomenclature

A = state matrix in Rn�n

A�x� = state-dependent vector function of dimension n
Ar = state matrix of reduced-order design model
B = input matrix in Rn�m

B�x� = state-dependent input matrix function of size
n �m

Br = input matrix of reduced-order design model
Im = identity matrix in Rm�m

J = numerical value of the cost functional in optimal
control problems

K = gain of discontinuous control in sliding mode
controller

L��� = cost functional integrand
M = manifold fx: ��x� � 0g of dimension n �m
N = weight matrix for cross term between state and

control variables in LQR integrand
O = zero matrix
P, ~P = matrices, solutions to Riccati equation, or

algebraic HJB equation
Q = weight matrix for state variables in LQR

integrand
R = weight matrix for control variables in LQR

integrand
S = surface/hyperplane matrix
Sr = surface/hyperplane matrix in reduced-order

control design
s = Laplace variable, or differentiation operator
s�x� = state-dependent surface function
T = positive design parameter

T� T> > 0 = symmetric positive definite constant matrix,
design parameter matrix

u = input vector of dimension m
ud = discontinuous control component
us = continuous control component
ueq = equivalent control
V = value function in optimal control problem
Wg = matrix orthogonal to B, generalized inverse to

W , so thatWWg � In�m
x = state variable vector of dimension n
xr = state variable vector of reduced-order dynamic

model
�i = ith parameter of wing-rock dynamic model
� = parameter related to actuator input in wing-rock

dynamic model
�a = actuator state variable in wing-rock dynamic

model
� = adjustable parameter used in the design of S
�, ��x� = aggregated variable of x defining the manifold

M
� = roll angle
_� = roll rate
�, � = variables appearing in algebraic matrix Riccati

equation

I. Introduction

T HE objective of the optimal control problem (see, for example,
[1], Chap. 5) is to find an admissible control strategy that

ensures the completion of control objective and leads to optimization
of a given performance index. In most cases, solving the nonlinear
dynamical systems optimal control problem is not straightforward.
Based upon sufficient optimality conditions, solving the associated
nonlinear partial differential equation, known as the Hamilton–
Jacobi–Bellman (HJB) equation [2–6], provides the solution to such
problems. A closed-form solution is often difficult to obtain
especially for nonlinear dynamical systems. However for a class of
nonlinear dynamical systemswith a special cost functional, solving a
first-order differential equation produces a closed-form analytical
solution to a class of optimal control problems. This first-order
differential equation plays an essential role in the synergetic control
methodology.

Kolesnikov and coworkers [7] developed themethod of synergetic
control, and they, and others, later applied synergetic control to a
number of industrial processes, including problems in power
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generation [8–12]. The synergetic control approach was also applied
to adaptive control of nonlinear systems using neural networks [13].
The resulting synergetic control structure is attractive, because it is
derived from a first-order differential equation related to optimality
criteria. The authors of the above publications, however, do not
elaborate on the derivation of synergetic control. Some state that
synergetic control can be derived from functional optimization, but
they do not state whether necessary or sufficiency conditions lead to
the control structure.

The first objective of this paper is to present our derivation of the
synergetic controller and to establish the connections with the
variable structure sliding mode control approach. We show that the
synergetic control for linear systems is a linear approximation of the
nonlinear variable structure sliding mode controller. The linearity of
the synergetic controller for linear systems is used to prove the
stability of the closed-loop system driven by the synergetic
controller. The second objective is to show that synergetic control not
only satisfies the necessary condition for optimality but also satisfies
the sufficient condition for optimality. The third objective is to show
that, for linear time-invariant (LTI) systems and for a special form of
the performance index, the synergetic control approach yields the
same controller structure as the linear quadratic regulator approach.
This is an especially attractive feature of synergetic controllers for a
class of LTI optimal control problems, because the synergetic
controllers result from solving a first-order differential equation
while the linear quadratic regulator (LQR) design relies on solving
the quadratic Riccati equation. The fourth objective of the paper is to
present a synergetic control design algorithm. The final objective is
to apply the proposed method to the regulation of wing-rock
problems and to compare the results using the proposed method with
those using the variable structure control. Some results in this paper
were reported by us in [14].

II. Controlling Nonlinear Systems

Consider the following model of a nonlinear dynamical system:

_x�A�x� �B�x�u (1)

where x 2 Rn and u 2 Rm. Thus,A�x� 2 Rn andB�x� 2 Rn�m. We
discuss now a general method for stabilization and control of such
systems.We refer to this approach as the stabilization and control via
system restriction and manifold invariance. It consists of two steps:

1) Construction of a manifold

M � fx: � � s�x� � 0; s�x� 2 Rmg

so that

det

�
@�

@x
B�x�

�
≠ 0

and the system restricted toM behaves in a prespecifiedmanner. For
example, the trajectories of the system restricted to M asymptoti-
cally converge to a predetermined point x� 2M. In the above, we
used the following convention:

@�

@x
�
�
@

@x
s�x�

�>
2 Rm�n

2) Construction of a controller that steers the system trajectories to
the manifold M and then forces the trajectories to stay on the
manifold thereafter.

A simple condition guaranteeing that the system trajectories are
directed toward the manifold M is

d

dt
k�k2 � 2�> _� < 0 for � ≠ 0 (2)

The variable structure sliding mode control design is an example of
this two-step approach to stabilizing nonlinear systems. We briefly
elaborate on this approach.We observe that a trajectory is confined to
the manifold M if and only if ��x� � 0 and _��x� � 0. Solving

_��x� � 0 for u yields a controller that forces a trajectory to lie on a
level surface of ��x�. This controller is referred to, in the literature, as
the equivalent controller and is denoted ueq. To proceed, let

@�

@x
�
�
@

@x
s�x�

�>
� sx�x� 2 Rm�n

Then, we have

_��x� � s�x� _x� sx�x�A�x� � sx�x�B�x�ueq � 0

Hence,

u eq ���sx�x�B�x���1sx�x�A�x� (3)

Thus, the system dynamics restricted to the manifoldM� fx: � �
s�x� � 0g are described by the equations

� � 0 (4)

_x�A�x� �B�x�ueq � �In � B�x��sx�x�B�x���1sx�x��A�x�
(5)

Combining Eqs. (4) and (5) gives a reduced-order, �n �m�-
dimensional dynamical system. This order reduction can be
effectively exploited in the construction of the manifold fx: � � 0g
resulting in a prespecified behavior of the system restricted to the
manifold. Once the manifold is constructed, the next step is the
controller design. Amongmany possible controller architectures that
satisfy condition (2), the following variable structure sliding mode
controller was analyzed in depth in [15],

u � ueq � ud (6)

where

u d ����sx�x�B�x���1
��x�
k ��x� k (7)

is the discontinuous component of u. The controller gain � > 0 is a
design parameter.

It is easy to show that the control law given by Eq. (6) satisfies
condition (2). Indeed,

d

dt
k�k2 � 2�> _� � 2�>sx�x� _x� 2�>�sx�x�A�x� � sx�x�B�x�u�

� 2�>
�
sx�x�A�x� � �sx�x�B�x��

�
�sx�x�B�x���1sx�x�A�x�

� ��sx�x�B�x���1
�

k�k

��
��2� k�k

2

k�k � �2�k�k < 0

for � ≠ 0

Suppose now that we wish to construct a controller that would
force the trajectories to approach the manifold M� f� � 0g
exponentially as described by

T _� � � � 0 (8)

where T� T> > 0 is a symmetric positive definite matrix, a design
parameter matrix. It follows from Eq. (8) that

_� ��T�1� (9)

Note that if we construct a controller that satisfies Eq. (8), then using
Eq. (9), we obtain

d

dt
k�k2 � 2�> _� ��2�>T _� < 0 for � ≠ 0

Thus, the “design condition” (2) is satisfied for such a control law.
We now derive a control that satisfies the condition (8). Because
� � s�x�, _� � sx�x� _x, hence Eq. (8) can be represented as
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T _� � � � Tsx�x� _x� s�x� � Tsx�x��A�x� �B�x�u� � s�x�
� Tsx�x�B�x�u� Tsx�x�A�x� � s�x� � 0

The resulting control law obtained from the last equality takes the
form,

u���Tsx�x�B�x���1�Tsx�x�A�x� � s�x��
� ��sx�x�B�x���1sx�x�A�x� � �sx�x�B�x���1T�1s�x�
� ueq � us (10)

where

u s ���sx�x�B�x���1T�1s�x� (11)

In Eq. (11), us denotes a smooth component of the resulting control
law. The control law given by Eq. (10) is referred to as the nonlinear
synergetic controller. This controller forces the system trajectories to
approach the manifold asymptotically. When the trajectory starts on
the manifold, the synergetic controller will maintain it there
thereafter. The advantage of the synergetic controller over the control
law given by Eq. (6) is that the synergetic controller is smooth while
the sliding mode controller is discontinuous. However, the control
law (6) forces the system trajectory onto themanifold in a finite time,
and it maintains the trajectory on the manifold thereafter.

When we compare ud, appearing in Eq. (7), and us from Eq. (11),
we can conclude that us is a linear approximation to ud. We consider
a linear case when both ud and us are scalar. In this case, sx�x�B�x� is
a scalar. Plots in Fig. 1 indicate that as T decreases, the gain 1=T
increases and us closely approximates ud in its discontinuous region.
We also show in Fig. 1 a plot of a smooth continuous tangential-
sigmoid function approximating ud. Using the tangential-sigmoid
function to approximate ud, or any other boundary-layer type
approximation [16], yields a nonlinear controller, even though the
approximation results in a smooth control law. The use of the linear
approximation of ud, on the other hand, allows us to use linear
analysis techniques of closed-loop system stability properties.

In the following section,we consider a linear synergetic controller.
For the linear case, we present a general algorithm for an invariant
manifold construction and analyze the closed-loop system driven by
the linear synergetic controller.

III. Linear Synergetic Control

We consider a linear time-invariant dynamical system model of
the form,

_x�Ax�Bu (12)

where x� x�t� 2 Rn, u� u�t� 2 Rm, and a linear manifold has the
form

� �x� � Sx� 0

where S 2 Rm�n. Our goal is to construct a control strategy,
u� u�x�, such that for any initial state x0, the closed-loop system
trajectory approaches the manifold ��x� � 0 according to the policy
T _� � � � 0. The relation T _� � � � 0 is central to the synergetic
control approach. The rate with which the solutions of the above
system of the first-order linear ordinary differential equation decay to
zero can be controlled by appropriately selecting the matrix T. To
proceed, note that

_� �
�
@

@x
��x�

�>
_x� S _x

Substituting the above into Eq. (8) yields

T _� � � � TS _x� Sx� TS�Ax�Bu� � Sx� 0

We assume that det�SB� ≠ 0. Hence,

u ���TSB��1�TSA� S�x (13)

The advantage of the above control strategy is that it is a linear
controller that drives the system trajectory toward the manifold
fSx� 0g. Once on the manifold, or within a small neighborhood
about the manifold, the system dynamics are of a reduced order. This
order reduction can be exploited by the designer to shape the system
dynamics when the system is moving along the manifold. A number
of methods from the variable structure sliding mode control can be
employed here to construct the matrix S of the linear invariant
manifold; see, for example, Chap. 4 of [17], Secs. 3–4 in [18], Part II
in [19], and pp. 333–336 in [20].

IV. Stability Analysis of a Linear Closed-Loop System
Driven by Synergetic Controller

The synergetic control strategy (13) forces the system trajectory to
asymptotically approach the manifold f� � 0g. Thus, the closed-
loop system will be asymptotically stable provided that the system
(12) restricted to the manifold f� � 0g is asymptotically stable. In
our proof of the above result, we use the following theorem from [20]
on p. 333.

Theorem 1: Consider the system model, _x�Ax�Bu, where
rank�B� �m, the pair �A;B� is controllable, and a given set of
n �m complex numbers f�1; . . . ; �n�mg is such that any �i whose
imaginary part is nonzero appears in the above set in a conjugate pair.
Then, there exist full-rank matrices W 2 Rn��n�m� and Wg 2
R�n�m��n such that

W gW � In�m; WgB�O

and the eigenvalues ofWgAW are

eig �WgAW� � f�1; . . . ; �n�mg

Furthermore, there exists a matrix S 2 Rm�n such that SB� Im and
the system _x�Ax�Bu restricted to fSx� 0g has its poles at
�1; . . . ; �n�m. □

We can now state and prove the following theorem.
Theorem 2: If the manifold fSx� 0g is constructed so that the

system _x�Ax�Bu restricted to it is asymptotically stable and
det�SB� ≠ 0, then the closed-loop system

_x�Ax�Bu; u���TSB��1�TSA� S�x

is asymptotically stable. □

Proof: Suppose that for a given set of complex numbers
�1; . . . ; �n�m whose real parts are negative, we constructed matrices
S 2 Rm�n, W 2 Rn��n�m�, and Wg 2 R�n�m��n that satisfy the
conditions of Theorem 1. Note that we also have SW � O. We use

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−2

−1

0

2

σ

u
d

and
its

approxs.

Decreasing T

Decreasing T
sign(σ)
tansig(T−1σ)
T−1σ
(0.5T)−1σ

Fig. 1 The synergetic controller component us as a linear

approximation to ud for the scalar case when sx�x�B�x� � 1 and �� 1.
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the following state-space transformation:

x � 	W B 
z

Note that the matrix 	W B 
 is invertible and we can write

z � z1
z2

� �
� 	W B 
�1 � Wg

S

� �
x

In the new coordinates, the closed-loop systemmodel takes the form,

_z1
_z2

� �
� Wg

S

� �
�A� B�SB��1T�1TSA

� B�SB��1T�1S�	W B 
z� WgAW WgAB
O �T�1

� �
z1
z2

� �
(14)

Thus, the eigenvalues of the closed-loop system are the union of the
eigenvalues of the matrices WgAW and �T�1. Because T is
symmetric positive definite, the matrix �T�1 must have negative
eigenvalues. By construction, the eigenvalues of WgAW are
�1; . . . ; �n�m, which are located in the open left-half complex plane.
Hence, the closed-loop system is asymptotically stable.

It follows from Eq. (14) that, when the closed-loop systemmotion
is restricted to the manifold fz2 � Sx� 0g, and so _z2 � 0, then its
dynamics have the form

_z 1 �WgAWz1 (15)

By construction, the eigenvalues of the above system are in the open
left-half complex plane. □

Consider now the dynamical system described by

_x�Ax�Bu
� � Sx

�
(16)

where S 2 Rm�n and SB is invertible. The system zeros of the above
dynamical system are the zeros of the determinant of the system
matrix

sIn �A B
S O

� �

It is shown in [20] on p. 329 that the system zeros of Eq. (16) are the
poles of the reduced-order system given by Eq. (15) above,which are
the poles of the system modeled by

_x� �In � B�SB��1S�Ax
Sx� 0

�
(17)

Thus, the invariant manifold design can be viewed as constructing an
output matrix S so that the system (16) has a set of its system zeros in
desired locations.

V. Synergetic Control Development Using
the Euler–Lagrange Equation

We now use a calculus of variations to analyze synergetic
controllers. The simplest variational problem [21,22] can be
formulated as follows.

Let L�t; x; _x� be a function with continuous first and second
derivatives with respect to all of its arguments. Among all of the
feasible x�t� that are continuously differentiable for t0 � t � tf and
satisfy boundary conditions

x �t0� � x0; x�tf� � xf

find the function x�t� for which the functional

J�
Z
tf

t0

L�t; x; _x� dt (18)

has an extremum.
A necessary condition for the functional J in Eq. (18) to have an

extremum is given by the following theorem.
Theorem 3 (A Necessary Extremum Condition [21]): Let

J�
Z
tf

t0

L�t; x; _x� dt

be a functional defined on the set of functions x�t� that have
continuous first derivatives in 	t0; tf
 and satisfy boundary conditions
x�t0� � x0 and x�tf� � xf. Then a necessary condition for x�t� to be
an extremizer of J�x�t0�� is that x�t� satisfies the Euler–Lagrange
equation

d

dt

�
@L

@ _x

�
� @L
@x
� 0 (19)

□

In other words, if x��t� is a local minimizer of J on all admissible
functions x�t� in the interval t0 � t � tf, then x��t� satisfies

d

dt

�
@

@ _x
L�t; x�; _x��

�
� @

@x
L�t; x�; _x�� � 0

To proceed, let

L�t; �; _�� � _�>T>T _� � �>� (20)

where ��t� 2 Rm, _��t� 2 Rm is the first-order time derivative of ��t�,
and T� T> > 0 is a symmetric positive definite matrix. For
notational simplicity, the argument t in � and _� will be omitted. We
wish to find a minimum of the functional

J�
Z 1
t0

L�t; �; _�� dt�
Z 1
t0

� _�>T>T _� � �>�� dt (21)

By Theorem 3, if � is to be an extremizer of J��� given by Eq. (21),
then it must satisfy the Euler–Lagrange equation given by Eq. (19).
Substituting L�t; �; _�� given by Eq. (20) into (19) and using the fact
that the symmetric positive definite T� T>, we obtain

d

dt

�
@L�t; �; _��

@ _�

�
� @L�t; �; _��

@�
� d

dt

�
@

@ _�
f _�>T>T _� � �>�g

�

� @

@�
f _�>T>T _� � �>�g � d

dt
�2T>T _�� � 2� � 2T>T

d

dt

�
d

dt
�

�

� 2� � 2T2

�
d

dt

�
2

� � 2� � 2

�
T
d

dt
� Im

�>�
T
d

dt
� Im

�
� � 0

(22)

A solution to Eq. (22) is given by one of the following equations:

T _� � � � 0 or T _� � � � 0

We select the first equation, T _� � � � 0, because it yields a
stabilizing solution. We summarize the above development in the
form of the following propositions:

Proposition 1: If �� is a local minimizer of the functional

J�
Z 1
t0

� _�>T>T _� � �>�� dt (23)

on all admissible vector functions of �, then

T _�� � �� � 0 (24)

Such �� is called the extremizing �. □

As mentioned above, T _� � � � 0 is a stabilizing solution,
because Eq. (24) converges to � � 0 as t!1.
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Proposition 2: For a nonlinear dynamical system model,

_x�A�x� �B�x�u
� � s�x�

�
(25)

where sx�x�B�x� is invertible, the control law

u � � ��Tsx�x�B�x���1�Tsx�x�A�x� � s�x�� (26)

derived from the first-order differential equation (24) is the
extremizing controller for the optimal control problem with the
performance index given by Eq. (23). □

It follows from the above that the extremizing control law for a
linear time-invariant dynamical systemmodeled by Eq. (12) with the
associated performance index (23) is given by Eq. (13).

VI. Background Results From Optimal Control

The cost functional used to derive the synergetic optimal control is
related to the formulation of a linear quadratic optimal control
problem with cross-product terms in the quadratic performance
index. We briefly discuss this as an introduction for the following
section’s derivation of synergetic control based upon the sufficient
optimality condition. Comprehensive discussion of optimal control
with cross-product terms in the quadratic performance index can be
found in [23] on pp. 56–57.

Consider a linear time-invariant dynamical system modeled by
Eq. (12) and the associated performance index

J�
Z 1
t0

�x>Qx� 2x>N>u� u>Ru� dt (27)

where Q�Q> � 0, N 2 Rm�n, and R�R> > 0. The problem of
determining an input u� � u��t�, t � t0, for the dynamical
system (12) that minimizes the performance index (27) is called
the deterministic linear quadratic optimal regulator problem. For the
LQR problem, the control law

u � � �R�B> ~P �N�x (28)

where the matrix ~P is the solution to

A > ~P � ~PA�Q � �B> ~P �N�>R�1�B> ~P �N� �O (29)

minimizes the performance index (27). The control law u� given by

Eq. (28), together with the solution ~P to Eq. (29), solves the
associated HJB equation

min
u

�
dV

dt
� x>Qx� 2x>N>u� u>Ru

�
� 0 (30)

where V �minuJ� x> ~Px.

VII. Sufficiency Condition for Optimality
of Synergetic Controllers

Consider now a continuous-time nonlinear dynamical system
modeled by

_x�t� � f�x�t�; u�t��; t0 � t � 1; x�t0� � x0 (31)

We wish to find a control strategy fu�t�: t 2 	t0;1�g that together
with its corresponding state trajectory fxu�t�: t 2 	t0;1�g
minimizes the performance index,

J�
Z 1
t0

L�xu�t�; u�t�� dt (32)

This is an infinite-horizon optimal control problem. One way to
synthesize an optimal feedback control u� is to employ the following
theorem that gives us a sufficiency condition for optimality of the
resulting controller. This well-known theorem can be found, for
example, in Vol. I, on p. 93 of [24].

Theorem 4: Suppose V�x� is a solution to the HJB equation,

min
u

�
dV�x�
dt
� L�x; u�

�
� 0 (33)

V�x� ! 0 as t!1 (34)

Suppose that u� is a minimizer of Eq. (33). Let x��t�, t 2 	t0;1� be
the state trajectory emanating from the given initial condition x0
when the control u��t� is applied, that is, x��t� satisfies _x��t� �
f�x��t�; u��t�� subject to the initial condition x��t0� � x0. ThenV is
the unique solution to the HJB equation, that is,

V�x� �min
u
J�x� � J��x�

□

Using the above condition, we now provide an optimal control
structure for a class of nonlinear systems.

Proposition 3: Consider a nonlinear system model given by
Eq. (25), where sx�x�B�x� is invertible, and the associated
performance index,

J�
Z 1
t0

L���t�; _��t�� dt (35)

where

L��; _�� � _�>T>T _� � �>� (36)

The feedback control law,

u� � ���sx�x�B�x��>T>Tsx�x�B�x���1�sx�x�B�x��>

� �T>Tsx�x�A�x� � Ts�x��

minimizes the performance index (35). The above control law can be
further simplified and represented in the form,

u � � ��Tsx�x�B�x���1�Tsx�x�A�x� � s�x�� (37)

The value of the performance index for this control problem is

V���t�� � J���t��ju�t��u��t� � �>�t�P��t� (38)

where P � T� T>. □

Proof: Our goal is to find a feedback controller that minimizes the
performance index (35). Let

V���t�� �min
u�t�
J���t�� � �>�t�P��t� (39)

The HJB equation for the optimal control of dynamical system (25)
with the associated performance index (35) is

min
u�t�

�
d

dt
V���t�� � L���t�; _��t��

�
� 0 (40)

To find the minimizing u, we apply the first-order necessary
condition for the unconstrained minimization to the expression
within the curly bracket. Note that � is not a function of u. It is _� that
depends upon u. We have

@

@u

�
dV���t��
dt

� L���t�; _��t��
�
� @

@u

�
d�>P�

dt
� L��; _��

�

� @

@u
f2 _�>P� � _�>T>T _� � �>�g � @

@u
f2�sx�x� _x�>P�

� �sx�x� _x�>T>Tsx�x� _x� �>�g �
@

@u
f2�sx�x�B�x�u�>P�

� 2�sx�x�B�x�u�>T>Tsx�x�A�x�
� �sx�x�B�x�u�>T>T�sx�x�B�x�u�g � 0

Observing that the last term in the above equation is quadratic in u,
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we obtain

�sx�x�B�x��>P� � �sx�x�B�x��>T>Tsx�x�A�x�
� �sx�x�B�x��>T>Tsx�x�B�x�u� 0 (41)

Solving the above for u gives

u � � ���sx�x�B�x��>T>Tsx�x�B�x���1�sx�x�B�x��>�Ps�x�
� T>Tsx�x�A�x��

Because � � s�x� is constructed in such a way that sxB�x� is
invertible, the controlleru� above can further be simplified.Note also
that T is symmetric and invertible. Hence,

u� � ��Tsx�x�B�x���1T�T�sx�x�B�x���T�sx�x�B�x��>�Ps�x�
� T>Tsx�x�A�x�� � ��Tsx�x�B�x���1�T�TPs�x�
� Tsx�x�A�x�� (42)

We substitute the control function u� from Eq. (42) into the HJB
equation (40) and solve the equation for P. In our manipulations we
use the expression, _� ��T�1�, to obtain

d

dt
�>P� � L��; _�� � _�>P� � �>P _� � _�>T>T _� � �>�

���T�1��>P� � �>PT�1� � �>� � �>� ���>T�TP�
� �>PT�1� � 2�>� � �>��T�TP � PT�1 � 2Im�� � 0

from which we obtain

P � T� T>; P 2 Rm�m (43)

Whenwe substituteP fromEq. (43) back into Eq. (42), we obtain the
control law,

u � � ��Tsx�x�B�x���1�s�x� � Tsx�x�A�x��

□

Note that if we premultiply Eq. (41) by f�sx�x�B�x��>Pg�1 and use
1) P � T� T> and 2) _� � sx�x��A�x� �B�x�u�, we obtain the
differential equation that plays a fundamental role in synergetic
control,

T _� � � � 0

We use the above equation to construct the optimizing control laws
(42) and ultimately Eq. (37).

The following theorem gives a sufficient condition for the LQR
control strategy to take the form of the synergetic control law.

Theorem 5: Consider the LTI dynamic system modeled by

_x�Ax�Bu
� � Sx

�
(44)

whereS is constructed such thatSB is invertible. Associatedwith the
above LTI system (46) is the cost function

J�
Z 1
t0

� _�>T>T _� � �>�� dt�
Z 1
t0

� _x>S>T>TS _x� x>S>Sx� dt

(45)

The optimal controller has the form,

u � � ��B>S>T>TSB��1�B>S>PS�B>S>T>TSA�x (46)

whereP � T� T> 2 Rm�m. The control law (46) has the same form
as the control law derived using the LQR approach to the system (44)
together with the cost (45) reformulated as

J�
Z 1
t0

�x>Qx� 2x>N>u� u>Ru� dt (47)

where

Q �A>S>T>TSA� S>S; N�B>S>T>TSA
R�B>S>T>TSB

Furthermore, since

~P � S>PS

the control law (46) can be reformulated to the form of the synergetic
control strategy,

u � � ��TSB��1�TSA� S�x

□

Proof: We first construct the optimal feedback controller for
Eq. (44) that minimizes Eq. (45). That is, we construct u so that

V�x�t0�� � x>S>PSx�min
u
J�x�t0��

The HJB equation for this LTI case has the form

min
u

�
d

dt
x>S>PSx� _x>S>T>TS _x� x>S>Sxg � 0 (48)

fromwhich we obtain the control law (46) using the same arguments
as in the nonlinear case. This controller has a similar structure as the
control law (42) in the nonlinear case analyzed above. Next, we
substitute the control law (46) back into the HJB equation (48) to
obtain

_x >S>PSx� x>S>PS _x� _x>S>T>TS _x� x>S>Sx
� �Ax�Bu�>S>PSx� x>S>PS�Ax�Bu�
� �Ax�Bu�>S>T>TS�Ax�Bu� � x>S>Sx� x>�x� 0

where

� �A>S>PS� S>PSA�A>S>T>TSA� S>S
��T�B>S>T>TSB��1� (49)

� �B>S>PS�B>S>T>TSA (50)

For the HJB equation to be satisfied, regardless of the value of x, the
expression for � must be zero, which yields P � T� T> 2 Rm�m.
To see this, substitute P � T� T> into the expression for � given
by Eq. (50) to obtain

� �B>S>T>S�B>S>T>TSA�B>S>T>�TSA� S� (51)

Substituting� given by Eq. (51) into the last term of Eq. (49) yields

��>�B>S>T>TSB��1����>�TSB��1�B>S>T>��1�
���S� TSA�>�TSA� S� � �S>S �A>S>T>S � S>TSA
�A>S>T>TSA

which cancels out the first four terms in Eq. (49). These steps lead to
the conclusion that P � T.

Note that because SB is invertible by construction, and P � T�
T> by Eq. (43), the control law (46) simplifies to

u � � ��TSB��1�B>S>T>��1B>S>T>�S� TSA�x
���TSB��1�TSA� S�x

which has the same form as the synergetic control law (13).
The solution to the LQR problem of the system (44) with the cost

(47) is characterized by the matrix ~P which is the solution to the
Riccati equation
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A > ~P � ~PA�Q � �B> ~P �N�>R�1�B> ~P �N� �A> ~P � ~PA

�A>S>T>TSA� S>S � �B> ~P

�B>S>T>TSA�>�TSB��1�B>S>T>��1�B> ~P

�B>S>T>TSA� �O

(52)

Using the matrix ~P, the optimal feedback control of the associated
LQR problem is

u � � �R�1�B> ~P �N�x���B>S>T>TSB��1�B> ~P

�B>S>T>TSA�x (53)

Comparing Eqs. (49) and (52) together with Eq. (50), we see that
~P � S>PS. If we set ~P � S>PS and take into account that SB is
invertible, then the above controller takes the form of the synergetic
control law. □

It follows from the above that the control law derived from the
first-order differential equation T _� � � � 0 is not only extremizing,
that is, this control law can be obtained from the Euler–Lagrange
equation, but it is also optimizing in the sense that it can be obtained
from the HJB equation.

It is well known that one can obtain the solution to the
deterministic LQR problem from the HJB equation. Therefore, for
the linear plant model and � � Sx, we can obtain the optimizing
control law,

u � � ��TSB��1�TSA� S�x

directly from the formula for the LQR control given by Eq. (28) in
Sec. VI after making appropriate associations between the matrices
of the performance indices,

J�
Z 1
t0

�x>Qx� 2x>N>u� u>Ru� dt

and

J�
Z 1
t0

� _�>T>T _� � �>��dt�
Z 1
t0

��S _x�>T>TS _x� �Sx�>Sx� dt

VIII. Synergetic Optimal Stabilizing Control

The problem of constructing an invariant manifoldM� fx: � �
0g such that the system confined to it is asymptotically stable has
been addressed in the area of sliding mode control. The manifold
construction in slidingmode control, for the LTI case, can be viewed
as constructing the matrix S so that the system zeros (or zero
dynamics for a general class of nonlinear systems) are asymptotically
stable; see, for example, Sec. 6.5 in [20]. Therefore, various methods
for constructing stable manifolds in slidingmode control are directly
applicable for � construction in the synergetic control; see, for
example, Chap. 4 in [17], Secs. 3–4 in [18], Part II in [19], and
pp. 333–336 in [20].

In the synergetic control approach, the controller u is designed by
solving the first-order differential equation T _� � � � 0, which
induces the attractivity and invariance of the manifold � � 0.

We summarize this section with the following two-step design
procedure:

1) Construct a stable hyperplane, or a manifold,M� fx: � � 0g.
2) Construct the optimizing control u.
We illustrate the above considerations with a simple numerical

example.
Example 1: Consider the double integrator state-space model,

_x� 0 1

0 0

� �
x� 0

1

� �
u (54)

The control design objective for the system (54) is to regulate the

state to the origin of R2 with a performance index to be determined.
When � is not properly constructed, the overall closed-loop system is
unstable. The construction of �, in this example, is concerned with
selecting the row vector s. Consider two candidates:

s � � 	 1 1 
 and s� � 	 1 �1 
 (55)

that yield �� � s�x and �� � s�x, respectively. Associated with
these matrices are the following performance indices:

J� �
Z 1
t0

�
_�2� � �2�

�
dt�

Z 1
t0

�
x>Q�x� 2uN�x� R�u2

�
dt

and

J� �
Z 1
t0

�
_�2� � �2�

�
dt�

Z 1
t0

�x>Q�x� 2uN�x� R�u2� dt

where

Q � �
1 �1
�1 2

� �
; N� � 	 0 �1 
; R� � 	 1 


Q� �
1 �1
�1 2

� �
; N� � 	 0 �1 
; R� � 	 1 


(56)

We selected T � 1. We used MATLAB®, Version 6.5, to construct
the LQR controllers. The results of the optimal control design using
both the synergetic control and the LQR [Eq. (28)] for both cases s�
(denoted P�) and s� (denoted P�) are summarized in Table 1. From
this table, we can see that the LQR controllers for both cases yield
stabilizing solutions. All closed-loop eigenvalues for both cases are
negative. However, the synergetic controllers are critically
dependent upon the selection of the manifold � � sx. When
s� s�, the solution generated using the synergetic controller is the
same as that obtained using the LQR method and results in negative
closed-loop eigenvalues. However, when s� s�, the closed-loop
system driven by the synergetic controller has one positive closed-
loop pole. The phase portraits of two closed-loop systems are shown
in Fig. 2. The left plot corresponds toP�, the right one corresponds to
P�. On both plots, solid lines indicate �� � 0 and �� � 0, while
dashed lines indicate vectors perpendicular to both �� � 0 and
�� � 0. Dashed arrows indicate the direction of trajectories
approaching planes �� � 0 and �� � 0, while solid arrows indicate
the direction of trajectories along manifolds �� � 0 and �� � 0.

In both cases, trajectories approach the respective manifolds, as
expected. However, in the P� case, state trajectories along the
manifold �� � 0 converge to the origin, while in the P� case, state
trajectories along the manifold �� � 0 diverge from the origin. This
is because motion along the manifold �� � 0 is not stable, while the
motion along the manifold �� � 0 is stable.

IX. Synergetic Control Design
for Wing-Rock Suppression

The wing-rock phenomenon manifests itself in the form of a
sustained limit-cycle oscillation that limits the potential maneuver
performance of an aircraft. There are diverse nonlinear models
representing thewing-rock phenomenon [25–28]. For the purpose of
control design, we employ two dynamical models: 1) second-order
model [29], and 2) third-order model [30,31]. The main distinction
between the two models lies in the modeling of the actuator

Table 1 Comparison of the designs using the synergetic and

LQR approaches

Problem Controller, closed-loop poles Synergetic LQR

P� u� �	 1 2 
x �	 1 2 
x
�c:l: �1, �1 �1, �1

P� u� �	�1 0 
x �	 1 2 
x
�c:l: �1, �1 �1, �1
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dynamics. The second-order model uses a zero-order model for the
actuator dynamics, while the third-order model incorporates a first-
ordermodel of the actuator dynamics.We demonstrate the feasibility
of our proposed synergetic control design based on either of the
wing-rock models. Additionally, sliding mode controllers are
developed based on the second- and third-order dynamic models.
The sliding surface constructionmethod for slidingmode control can
also be used to construct a stable invariantmanifold for the synergetic
optimal control. Thus, for the synergetic and the sliding mode
controller designs, we can use the same manifold for each control
design method.We then compare the performance of each controller
in the closed-loop configuration. Finally, we explore the problem of
control design using a reduced-order model where we use the third-
order model as a “truth” model, while a simplified second-order
model as a design model. The controllers designed using the design
model are tested on the truth third-order model.

A. Control Design Using Second-Order Dynamic Model

The second-order dynamic model [29] of the wing rock using
zero-order dynamic actuator model has the form:

��� �1�� �2 _�� �3j�j _�� �4j _�j _�� �5�3 � u (57)

where the parameter values of �i are as follows: �1 ��36:1063,
�2 � 0:665537, �3 ��2:75214, �4 � 0:00954708, and
�5 � 41:6621. We represent the second-order nonlinear equa-
tion (57) in the following state-space format:

_x1

_x2

" #
�

x2

�1x1� �5x31� �2x2� �3jx1jx2� �4jx2jx2

" #
�

0

1

" #
u

�A�x��Bu (58)

where x1 � � and x2 � _� are the state variables. We use the
procedure of Slotine and Li [32] to construct the manifold, where

��x1; x2� �
�
d

dt
� �

�
x1 � _x1 � �x1 � x2 � �x1 � 	� 1 
|	{z	}

�S

x

(59)

We select �� 6, which is the same value as in Fernand andDowning
[29].

1. Sliding Mode Controller Design

As in [15] on p. 228, we design a sliding mode controller that
consists of two terms: 1) the equivalent control term ueq and 2) the
discontinuous control term ud. The equivalent control term is
determined by solving _��x1; x2� � 0, from which we obtain

ueq ��
�
�1x1 � �5x31 � �2x2 � �3jx1jx2 � �4jx2jx2 � �x2

�
(60)

Note that if one applies the equivalent control alone, then the
trajectories of the system driven by this equivalent controller will
move parallel to the sliding surface ��x1; x2� � 0. This is because the
equivalent control forces _��x1; x2� � 0. The role of the
discontinuous control term ud is to “bend” the trajectories toward
the sliding surface and to compensate for any matched uncertainties.
We use the following form of ud:

ud ��Ksign���x1; x2�� (61)

Therefore, the two-term sliding mode control law, consisting of the
terms given by Eqs. (60) and (61) takes the form,

u� ueq � ud ��
�
�1x1 � �5x31 � �2x2 � �3jx1jx2 � �4jx2jx2

� �x2
�
� Ksign��x1 � x2� (62)
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Fig. 2 Phase portraits of the double integrator closed-loop system.
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Fig. 3 Trajectories of the closed-loop second-order dynamic model of
the wing rock. Solid line trajectories are produced by the synergetic

controller. Dotted line trajectories are produced by the sliding mode

controller.
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2. Synergetic Controller Design

We use the same manifold � � ��x1; x2� � 0 as in the sliding
mode controller synthesis. The manifold � � 0 in the synergetic
controller design leads to the control law that optimizes the
functional

Z 1
t0

�T2 _�2 � �2� dt�
Z 1
t0

�T2�� _x1 � _x2�2 � ��x1 � x2�2� dt

(63)

withT as a design parameter. As follows from the preceding sections,
the control law that minimizes the functional (63) satisfies the first-
order differential equation T _� � � � 0. Solving this differential
equation, we obtain

u���TSB��1�TSA�x� � Sx� � ueq � �TSB��1�

��
�
�1x1 � �5x31 � �2x2 � �3jx1jx2 � �4jx2jx2 � �x2

�
� T�1��x1 � x2� (64)

Note that the synergetic controller comprises two terms, where the
second termof the synergetic controller is a smooth approximation of
the discontinuous term of the sliding mode controller.

3. Numerical Results

Figure 3 shows the closed-loop systems’ phase portraits for six
different initial conditions. Trajectories of the closed-loop system
driven by the synergetic control law are plotted using solid lines,
while the trajectories of the closed-loop system driven by the sliding
mode control law (62) are plotted using dotted lines.We observe that
in the absence of modeling uncertainties, the performance of the
synergetic control law is comparable to that of the sliding controller
in driving the closed-loop system trajectories to the origin. Both
controllers successfully suppress sustained limit-cycle oscillations
induced by the wing-rock phenomenon. Closed-loop trajectories
generated by both control laws converge to the manifold
��x1; x2� � 0. However, the synergetic control law smoothly drives
trajectories from their initial conditions toward ��x1; x2� while the
sliding mode control law forces the trajectories to hit the sliding
surface in finite time and then move along the sliding surface toward
the origin.

The effect of different values of the design parameter T, appearing
in the synergetic controller, on the closed-loop trajectories is
illustrated in Figs. 4 and 5. In these figures, we show plots of
trajectories versus time of the closed-loop dynamic system (58)
driven by 1) the variable structure sliding mode control, where the
sign function is approximated using a steep tangential-sigmoid
function [i.e., sign�x� 
 tanh�1000x�], and 2) synergetic controller
implemented using various values of T. We can see in Fig. 4 that as
the value of T decreases, trajectories approach the manifold
��x1; x2� � 0 more rapidly. As expected, when T decreases,
trajectories of the closed-loop system driven by the synergetic
control law resemble those of the closed-loop system employing the
sliding mode controller as shown in the phase portrait of Fig. 4 and
the time-response plots in Fig. 5. This is because for smaller values of
T, the termT�1��x1 � x2� better approximates sign��x1 � x2� in the
neighborhood of the manifold � � 0. Observe the presence of
trajectory chattering in the systemdriven by the slidingmode control.
On the other hand, the closed-loop system trajectories driven by the
synergetic control are free from chattering. Chattering is clearly seen
along the manifoldM in Fig. 4. However, due the magnitude scale

used, the trajectory chattering of _� is not clearly visible in the time-

history plot of _� in Fig. 5.

B. Control Design Using Third-Order Dynamical Model

The first-order actuator �a model combinedwith a generic second-
order wing-rock dynamics model results in the following dynamic
model of wing rock [25,28,30,31]:

��� �1�� �2 _�� �3 _�3 � �4�2 _�� �5� _�2 � ��a (65)
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Fig. 4 Closed-loop system: phase-plot dependence on the parameter T.
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Fig. 5 Closed-loop system: time response performance dependence on the parameter T.
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� _�a ���a � u (66)

We represent the above model in the following state-space format:

_x1

_x2

_x3

2
64

3
75�

x2

�1x1 � �2x2 � �3x32 � �4x21x2 � �5x1x22 � �x3
� 1
�
x3

2
664

3
775

�
0

0

1
�

2
664

3
775u�A�x� � Bu (67)

where x1 � � and x2 � _�. The state x3 � �a represents the
first-order actuator. The values of the model parameters are as
follows: �1 ��0:0148927, �2 � 0:0415424, �3 � 0:01668756,
�4 ��0:06578382, �5 � 0:08578836, �� 1:5, and � � 1=15.
These values correspond to an aircraft flight at an angle of attack of
21.5 deg and can be found in [25,28,30,31].

In our construction of the two-dimensional invariant manifold, we
again use the method of Slotine and Li [32] to obtain

��x1; x2; x3� �
�
d

dt
� �

�
2

x1 � _x2 � 2�x2 � �2x1

� �1x1 � �2x2 � �3x32 � �4x21x2 � �5x1x22 � �x3
� 2�x2 � �2x1 (68)

where after some numerical experiments we selected �� 10 to
reduce excessive overshoot. We mention that because
��x1; x2; x3� � � ddt� ��2x1, the closed-loop system restricted to the
manifold ��x1; x2; x3� � 0 will have a double pole at ����10.

In the following sections, we design sliding mode and synergetic
controllers around the above invariant manifold.

1. Sliding Mode Controller Construction

Using the manifold defined by Eq. (68), we first compute the
equivalent control ueq for the third-order model by solving the
equation _��x1; x2; x3� � 0, that is,

_��x� � rx��x�> _x�rx��x�>�A�x� � Bu� � 0

where rx��x� is the gradient of � � ��x�, with respect to
x� 	 x1 x2 x3 
>. After some manipulations, we obtain

ueq ��
�

�

�
�1x2 � �2 _x2 � 3�3x2 _x2 � �5�x32 � 2x1x2 _x2�

� �
�
x3 � 2� _x2 � �2x2

�
(69)

Note that the expression for _x2 is given by the state equation (67).We
construct the same type of sliding mode controller as for the second-
order wing-rock dynamical model,

u� ueq � ud

where

ud ��Ksign���x1; x2; x3��; K � 10 (70)

Hence the sliding controller for the third-order wing-rock dynamical
model takes the form,

u� ueq � ud ��
�

�

�
�1x2 � �2 _x2 � 3�3x2 _x2

� �5
�
x32 � 2x1x2 _x2

�
� �
�
x3 � 2� _x2 � �2x2

�
� Ksign

�
_x2 � 2�x2 � �2x1

�
(71)

2. Synergetic Controller Construction

The synergetic control law is obtained by solving the first-order
differential equation,

T _��x1; x2; x3� � ��x1; x2; x3� � 0

Solving this differential equation for u, we obtain

u�� �
�

�
�1x2 � �2 _x2 � 3�3x2 _x2 � �5

�
x32 � 2x1x2 _x2

�
� �
�
x3 � 2� _x2 � �2x2

�
� �
�
T�1

�
_x2 � 2�x2 � �2x1

�
(72)

where T � 0:01. Note again that the expression for _x2 is provided by
the state model (67). We mention again that the second term in
Eq. (72) can be interpreted as a smooth approximation to the
discontinuous term of the sliding mode controller, that is, the second
term in Eq. (71).

3. Numerical Results

As predicted, and expected, both controllers drive closed-loop
trajectories toward the origin. Figure 6 consists of two subfigures
depicting trajectories, in the �x1; x2� plane, of the third-order closed-
loop systems driven by the sliding mode and synergetic controllers,
respectively.

The value of the design parameter T in the synergetic controller
was selected so that the closed-loop system trajectories, driven by
this controller, converge to the origin at the same rate as those driven
by the sliding mode controller. We conclude from plots in Fig. 6 that
to achieve comparable behavior of x1 to that of the sliding mode
controller, the state x2 of the synergetic controller driven system
undergoes large excursions induced by the actuator state x3. Such
overshoots can be reduced by increasing the value of the parameter
T. As a consequence of increasing T, trajectory convergence of the
synergetic controller toward the origin occurs at a lower rate. Note
that increasingT essentially correlateswith decreasing the synergetic
control law gains.We can see in Fig. 7 that closed-loop state variable
trajectories of closed-loop wing-rock dynamics driven by either
sliding mode or synergetic controller converge to the origin.
However, rapid convergence to the origin in the synergetic controller
driven system comeswith a price in that x2 and x3 initially experience
excessively large overshoots that may not be desirable. A large
excursion of the actuator state x3 results in large deviations of the roll

rate _�, that is, x2.
When we increase the value of T from T � 0:01 to T � 2:5,

trajectory overshoots of the closed-loop dynamics driven by the
synergetic controller decrease. Transient discrepancies between
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Fig. 6 State variable trajectories of the third-order closed-loop wing-

rock dynamic system in the �– _� coordinates.
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trajectories of the closed-loop dynamics driven by the sliding mode
and synergetic control laws become smaller. In Fig. 8, we show plots
of time histories of the state variables of the closed-loop systems
driven by the sliding mode and synergetic controller, respectively.
State variables of the closed-loop system driven by the sliding mode
controller are denoted by dotted lines while those driven by the
synergetic controller are denoted by solid lines. The synergetic
controller with larger values of T does not induce excessive
overshoots. State variables driven by the synergetic controller
approach the originmore smoothly. In particular, the state variable x3
driven by the sliding mode controller undergoes an abrupt jump at
approximately t� 3 s, while x3 driven by the synergetic controller
smoothly approaches zero. Peaks of transient dynamics of the
closed-loop state variables x2 and x3 driven by both controllers are
quite similar. However, these plots also indicate that state variables
of the closed-loop system driven by the low-gain synergetic
controller reach their steady-state values at a slower rate. The sliding
mode controller driven closed-loop state variables reach steady state
at approximately 4 s, while those driven by the synergetic controller
reach steady state at approximately 9 s.

As stated before, increasing the parameter T implies reducing the
synergetic controller gain. Gain reduction implies that less effort is
demanded from the actuator. Using T � 2:5 compared to T � 0:01
for the synergetic control law design reduces the maximum
overshoot of the actuator state variable. Low gain design relaxes the
demand for actuation. Hence, a direct consequence of low actuator
state excursion is the reduced roll rate dynamics. In Figs. 9 and 10,we

show overshoot reduction of the state variables x2 and x3 when
T � 2:5. In Fig. 9, the scales of the x3 axis are the same, so the
maximum x3 overshoot of the closed-loop dynamics driven by the
sliding mode and synergetic controllers are approximately the same.
Figure 10 shows that the peak values of x2 of the closed-loop
dynamics driven by both the sliding mode and the synergetic
controllers are similar. We conclude that excessive overshoots in the
closed-loop dynamics driven by the synergetic controller decrease as
lower gain, that is, a larger T is applied to the synergetic controller.

C. Control Design Using Reduced-Order Model

To accuratelymodel the truth behavior of a dynamic system itmay
require a high-ordermodel. Such amodelmay be too complex for use
in control synthesis. A simplified model, referred to as a “design
model,” is usually developed for controller design. Even if the truth
model is used for control design, it may lead to a complicated control
law. Comprehensive treatments of controller and observer design for
systems with neglected high-order dynamics can be found, for
example, in [33] on pp. 252–268 and in [34] on pp. 333–350.

In the two preceding cases, we used the truth model as the design
model, so the performance of the sliding mode and synergetic
controllers were assessed on dynamical models that were also used
for the purpose of control design. The second-order wing-rock
dynamical model (58) is driven by the control laws (62) and (64)
which were developed based upon Eq. (58). Similarly, the third-
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order wing-rock dynamical model (67) is driven by the control laws
(71) and (72) where both controllers were developed using Eq. (67).

Here, we investigate the case of designing synergetic and sliding
mode control laws for wing-rock suppression using a lower-order
model. Then, these controllers are employed to control a higher-
order representation of the dynamics. To serve our purpose, the third-
order wing-rock model represents the truth model. We obtain our
design model from the third-order model by neglecting the actuator
dynamics. Thus, the design model has the form,

_xr �
_x1
_x2

� �
� x2

�1x1 � �2x2 � �3x32 � �4x21x2 � �5x1x22

� �

� 0

�

� �
u (73)

�
0 1

�1 � �5x22 �2 � �3x22 � �4x21

" #
x1

x2

" #
�

0

�

" #
u

� Arxr � Bru (74)

where the subscript r denotes “reduced.” The parameters �i in
Eq. (73) have been given previously and are the same as those in
Eq. (67).

1. Controller Construction Using the Design Model

Wenowproceedwith the design procedure using the second-order
design model derived above. The invariant manifold is constructed
similarly to Eq. (59):

��x� � Srxr � 	� 1 
xr (75)

Using the matrices Ar and Br defined in Eq. (74) along with Sr from
Eq. (75), we obtain the synergetic controller

ur synergetic ���TSrBr��1�TSrAr � Sr�xr
���TSrBr��1TSrAr � �TSrBr��1Srxr (76)

The sliding mode controller has the form,

ur sliding mode ���TSrBr��1TSrArxr � Ksign�Srxr� (77)

As in the preceding design cases, the synergetic and sliding mode
controller structures are related. Both controllers use the equivalent
control component. However, the sliding mode controller uses a
discontinuous component, while the synergetic control employs a
smooth approximation to the discontinuous component of the sliding
mode controller.

We now connect the control laws (76) and (77) to drive the third-
order model (67), so that the closed-loop third-order system becomes

_x1

_x2

_x3

2
64

3
75�

x2

�1x1 � �2x2 � �3x32 � �4x21x2 � �5x1x22 � �x3
� 1
�
x3

2
664

3
775

�
0

0

1
�

2
664

3
775ur (78)

whereur can be eitherur synergetic or ur sliding mode. There are two design
parameters, T and �, whose influence on the closed-loop dynamics
(78) will be investigated next.

2. Numerical Results

Adjustable parameters � and T must be carefully selected because
high values of either � or T lead to unstable solutions, while very low
values of either � or T induce oscillations with frequency inversely
proportional to the value of either� orT. In Fig. 11, we show a family
of stable closed-loop solutions for various values of �. Our

experiments indicate that for a fixed value of T, where T � 0:1, a
stabilizing controller requires the value of � to be less than 3. Thus,
all �s such that 0< � � 3 are feasible values for fixed T � 0:1.
However, as can be seen in Fig. 11, lower values of � induce higher
frequency oscillations around the manifold M. Hence, slower
motion along the manifold M will reduce oscillations around M.

The parameter T also affects stability and performance of the
closed-loop wing-rock suppression. As T gets higher, the gain of the
second term of Eq. (76) becomes smaller. Such low-gain control
action prevents excessive oscillations. In Fig. 12, we show a family
of stable solutions with various values of Ts using �� 1. We can see
that smaller values of T induce oscillations around the manifoldM
with higher frequency. Although lower values of T, yielding higher
gains for the second term of Eq. (76), lead to rapid motion toward the
manifoldM, their effect on higher frequency oscillations aroundM
may not be desirable. As a comparison, the closed-loop solution
driven by the slidingmode is also shown in Fig. 12 as the plotwith the
dash-dotted line.We conclude that the selection of T � 0:1may lead
to the synergetic design with comparable performance to that of the
sliding mode design.

Plots of state variables versus time are presented in Figs. 13 and 14,
where we used Sr � 	 1 1 
, the sliding mode control gain K � 10,
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and the synergetic control design parameter T � 0:1. These values

were selected so that the states � and _� driven by both synergetic and
sliding mode controllers would have approximately similar time
responses. FromEq. (78), we see that the controllerur directly affects
the state variable x3. We show in Fig. 14 time responses of x3 driven
by both synergetic and sliding mode controllers. When x3 is driven
by the sliding mode control, it experiences chattering. However, we
see that x3 is smooth when it is driven by the synergetic control. The
transient peak of x3 when it is driven by the synergetic control, as it is
also seen in the phase portraits in Figs. 11 and 12, is larger than the
peak of x3 driven by the sliding mode control.

X. Concluding Remarks

A variety of sliding mode controllers has been proposed and
applied to a large number of engineering problems [35–37] including
nonlinear problems [38,39]. The behavior of nonlinear dynamic
systems driven by the synergetic control to some extent resembles
that of nonlinear dynamic systems driven by sliding mode control.
Hence, one can benefit by analyzing synergetic controllers from the
point of view of sliding mode control combined with an optimal
control. Explorations in sliding mode control may, indeed, be
beneficial to the synergetic control. Such explorations may reveal
further optimality characteristics. The synergetic control approach

offers a closed-form analytical solution to a class of nonlinear
optimal control problems. The proposed control designmethodology
is attractive because it only requires the associated first-order
differential equation. Indeed, as the problem of optimal control
design is further restricted to linear time-invariant dynamical
systems, optimal control solution generated by the synergetic control
is the same as the solution generated by the LQR with the special
form of the performance criterion. In summary, the paper
contributions are as follows:

1) Synergetic control approach was shown to follow from both the
necessary (Euler–Lagrange) and the sufficiency (HJB) conditions for
optimality, resulting in the first-order differential equation to develop
a synergetic controller.

2) Connections between the synergetic control approach and the
variable structure sliding mode control method were established.

3) Synergetic control was shown to provide the same controller as
the LQRwith a special performance index for the case of linear time-
invariant dynamic systems.

4) Synergetic control was used to successfully design a nonlinear
controller for wing-rock stabilization using existing nonlinear
dynamic models.

5) Synergetic controllers were shown to be effective in the
nonlinear wing-rock stabilization application. This included
reducing overshoot in the actuator state variable and by providing
a smoother transition of state variables to the stable condition.
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